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INTRODUCTION

The use of mathematical expressions provides a fundamental description of physical reality, enabling researchers to
enhance their understanding of underlying phenomena by studying accurate or approximate solutions of mathematical
models [1]. However, finding analytical solutions to these complex mathematical models often poses significant
challenges. As such, the development of robust numerical solutions has become highly advantageous for solving these
intricate problems. Fractional derivatives have emerged as a powerful tool, offering researchers new avenues for
modeling a wide range of phenomena across various scientific disciplines [2]. The primary motivation for utilizing
fractional derivatives, rather than their integer-order counterparts, is the ability to account for the effects of memory in
the modeling process. Integer-order models often fail to capture the memory effects that can have a profound impact on
the dynamics of complex systems, such as human populations in the context of disease transmission.

By incorporating fractional derivatives, researchers can develop more comprehensive and accurate mathematical models
that better reflect the complex behaviors observed in real-world systems. This approach has the potential to lead to a
deeper understanding of the underlying mechanisms governing these phenomena and facilitate the development of more
effective strategies for addressing the challenges they present.

The study of fractional-order models and their analytical or numerical solutions has emerged as a vibrant and rapidly
evolving field of research, with widespread applications across the scientific landscape. Continued advancements in this
area hold the promise of transformative insights and innovative solutions to the complex problems faced by the research
community.

In the context of disease transmission dynamics, fractional derivatives offer a compelling approach to account for the
memory effect within populations. The memory effect refers to the influence of past events on the current state of the
system. In the case of disease spread, this memory effect can represent factors such as acquired immunity, previous
exposure, or behavioral changes influenced by past experiences. By considering these memory-related effects through
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the use of fractional derivatives, researchers can develop more accurate and comprehensive models that better capture
the underlying dynamics of disease propagation [3,4].

The incorporation of fractional derivatives provides researchers with a powerful mathematical tool for modeling and
understanding complex systems in which memory and non-local behavior play a significant role - aspects that cannot
be adequately captured by traditional integer-order models. These derivatives offer a means to bridge the mathematical
description and the inherent complexities of real-world phenomena, leading to improved predictions, analyses, and the
development of more effective control strategies across various scientific disciplines [5,6].

The ability of fractional derivatives to account for memory effects is particularly beneficial in the context of disease
transmission modeling. By considering the influence of past events, such as previous exposures and acquired immunity,
researchers can develop more realistic and accurate models that better reflect the true dynamics of disease spread within
human populations. This, in turn, can lead to enhanced understanding of disease transmission patterns, the development
of more targeted intervention strategies, and the formulation of more effective public health policies.

Furthermore, the application of fractional derivatives extends beyond the realm of disease transmission, providing a
versatile mathematical framework for modeling and analyzing a wide range of complex systems in fields like physics,
engineering, biology, and economics, where memory and non-local behavior are prevalent. The continued advancements
in the theory and applications of fractional calculus hold great promise for addressing the challenges faced by researchers
in these diverse domains.

The wide-ranging applicability of fractional calculus has been extensively documented in the literature [7]. In a seminal
work, Ross presented the crucial criteria that define fractional derivatives, establishing a robust mathematical framework
for this field [8]. Researchers have been actively exploring various analytical and numerical techniques to solve both
linear and nonlinear fractional differential equations. Some have adapted classical methods to enhance their
effectiveness, while others have established connections between two or more techniques to obtain solutions for
fractional equations. One of the prominent models in the study of infectious disease dynamics is the Susceptible-
Infected-Susceptible (SIS) epidemic model. This model describes the dynamic interaction between individuals who are
susceptible to infection and those who are currently infected, particularly applicable to diseases that do not confer
permanent immunity after infection, such as the common cold and influenza.

The SIS model represents the transition of individuals between the susceptible and infected states, which can be
characterized by two key rates: the rate of transition from the susceptible state to the infected state (through the process
of infection) and the rate of transition from the infected state to the susceptible state (through recovery or the loss of
acquired immunity) [9].

The use of fractional derivatives in the context of the Susceptible-Infected-Susceptible (SIS) epidemic model has gained
significant attention, as it allows for the incorporation of memory effects and non-local behavior often observed in the
spread of infectious diseases. By employing fractional-order derivatives, researchers can develop more comprehensive
and accurate models that capture the complex dynamics underlying disease transmission within human populations. The
overarching goal of this work is to contribute to the expanding body of mathematical tools and techniques available for
the rigorous modeling and analysis of infectious disease dynamics, as exemplified by the SIS epidemiological
framework. The findings of this study have the potential to enhance our fundamental understanding of disease
transmission processes and inform the development of more effective intervention strategies.

Related Work

The SIS model describes the dynamic interaction between susceptible and infected individuals, representing the
transition between these two states. Key factors affecting the epidemic dynamics in this model are the infection rate and
the recovery or immunity loss rate [10]. The model can be used to estimate the spread of the infection, the duration of
the epidemic, and the impact of changes in the infection rate or recovery rate on the numbers of susceptible and infected
individuals.

Considered one of the fundamental models in epidemiology and medical research, the SIS model helps to understand
the basic dynamics of infectious disease spread and analyze the effects of preventive interventions, such as vaccination
or public health measures [11].
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Adomian Decomposition Method (ADM) is a well-established numerical technigue that has been extensively employed
to find approximate solutions to various mathematical models, including those describing epidemic dynamics [12].
Proposed by George Adomian, the ADM is a universal method that considers the approximate solution of a nonlinear
equation as an infinite series, which typically converges to the exact solution.

One of the primary advantages of the ADM is its ability to solve a wide range of integral and differential equations,
including those encountered in the context of epidemic modeling. This versatility makes the ADM a valuable tool for
researchers investigating the dynamics of infectious disease spread using mathematical models, such as the Susceptible-
Infected-Susceptible (SIS) model.

In comparison to other numerical methods, such as the Homotopy Analysis Method (HAM) and the Differential
Transformed Method (DTM), the ADM offers a unique and systematic approach to solving nonlinear problems. By
decomposing the nonlinear terms into a series of Adomian polynomials, the ADM provides a straightforward and
efficient way to obtain approximate solutions, even for complex mathematical models.

Building upon the strengths of the ADM, the Laplace Adomian Decomposition Method (LADM) has been proposed as
an advanced mathematical approach for analyzing differential equations and their applications in various scientific and
engineering fields [13,14]. The LADM combines the Laplace transform and the Adomian decomposition to solve
fractional-order differential equations with infinite kernels.

The LADM relies on the Laplace transform to convert the ordinary or partial differential equation into an algebraic
equation in the frequency domain, and then applies the Adomian decomposition analysis to solve the algebraic equation
and retrieve the time-domain solution of the original differential equation. The Adomian analysis method is employed
to handle the infinite kernel and challenges arising from the fractional order of the differential equation.

The Laplace Adomian Decomposition Method (LADM) holds significant importance in the fields of numerical
computation and mathematical analysis, as it provides a semi-analytical solution approach for solving complex
differential equations [15,16]. This advanced technique aids in the understanding of system characteristics and dynamic
behavior, making it a valuable tool for researchers and engineers working in various domains.

The Laplace Adomian Decomposition Method (LADM) has emerged as a powerful mathematical approach for solving
complex differential equations, enabling researchers and engineers to gain deeper insights into a wide range of physical,
chemical, and biological systems. By combining the Laplace transform and the Adomian decomposition analysis, the
LADM offers a versatile means of tackling fractional-order differential equations, which are commonly encountered in
modeling diverse phenomena.

The effectiveness of the LADM has been demonstrated across various disciplines, including biological sciences,
electrical engineering, and materials science. This advanced technique provides a semi-analytical solution approach,
allowing for the elucidation of complex system characteristics and dynamic behavior. The LADM's ability to derive
high-precision solutions has made it a valuable tool for researchers and engineers seeking to understand and predict the
behavior of intricate systems.

At the core of the LADM's efficacy lies its unique integration of the Laplace transform and the Adomian decomposition
analysis. The Laplace transform is employed to convert the original ordinary or partial differential equation into an
algebraic equation in the frequency domain, while the Adomian decomposition is used to solve this algebraic equation
and retrieve the corresponding time-domain solution. This combined approach enables the LADM to effectively handle
the infinite kernel and challenges associated with the fractional order of the differential equation.

Despite the significant advantages of the LADM, its effective implementation requires a strong foundation in
mathematical analysis and numerical computation [16,17]. It is essential to develop efficient and suitable software tools
capable of accurately performing Laplace transformations and Adomian decomposition analyses, in order to ensure the
reliable and accurate application of this method.

The Laplace Adomian Decomposition Method (LADM) represents a significant advancement in the field of fractional-
order differential equation solving, characterized by its comprehensive applicability and demonstrated effectiveness
across multiple scientific and engineering domains. The continued development and refinement of this method, along
with the creation of robust software tools, will further enhance its utility and impact in the.

METHOD

Fractional-Order Epidemiological Model with Laplace Adomian Decomposition Analysis

This section is dedicated to the analysis of the fractional-order epidemiological model (1) with specified initial
conditions. To investigate this model, we apply the Laplace transform to both sides of the governing equations, which
allows for further mathematical analysis and solution derivation.

The fractional-order epidemiological model under consideration is given by:
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Df S(8) = uN — BS(6) +yI(t) — uS(0).
D) = BS(OI) — (u + NID). 1)

with the initial conditions:
S(0) = n,I(0) = mand S(t) + I(t) = N(t) = 1

°D represents the Caputo fractional derivative of order @ € (0, 1], u denotes the birth and death rate, 8 is the contact
rate, y is the recovery rate, and S(t) and I(t) are the time-dependent proportions of susceptible and infected individuals,
respectively, within a continuous population N(t) = 1, [21].

To the best of our knowledge, an explicit analytical solution formula for this fractional-order epidemiological model is
not readily available in the existing. Therefore, we employ a series representation approach based on the Laplace
Adomian Decomposition Method (LADM) to derive explicit expressions for the unknown functions S(t) and I(t).

By applying the Laplace transform to the fractional-order differential equations, we obtain a transformed system of
algebraic equations that can be solved using the LADM. This approach allows us to construct a convergent series
solution for the susceptible and infected populations, which can be evaluated numerically to obtain accurate
approximations.

Furthermore, we validate the accuracy of the theoretical LADM-based solution formulas by comparing them with the
results of two distinct numerical schemes: the Grunwald-Letnikov method and the Adomian Decomposition Method
(ADM) [17,18]. Additionally, we investigate the impact of the fractional derivative order a on the system dynamics by
analyzing the behavior of the solutions as o approaches the integer value of 1, which corresponds to the standard
epidemiological model.

The derivation of the explicit LADM-based solution formulas, along with the numerical validations and the comparative
analysis of the fractional and integer-order models, provide valuable insights into the dynamics and applications of this
fractional-order epidemiological system [17,20].

Applying the Laplace transform on both sides of (1),we get

LLED S(6)} = L{uN — BS(E) +yI(t) — uS(6)}
L{ DI} = LIBSOIE) — (e + 11D} (2
using the property of Laplace transform, we have
sALES()} — s*718(0) = L{uN — BS(t) +yI(t) — uS(1)}
s@L{S(t)} — s*7H(0) = LIBSOI(E) — (n + I} ®)
Now using initial conditions and taking inverse Laplace transform to system (3), we have
S() = % + L7t {S—il L{uN — BS(t) + yI(t) — ,uS(t)}}.

1

16) = 2+ £ o LBSO1®) — + IO}, (4)

It should be assumed that method gives the solution as an infinite series

S@) = i S, 1(t) = i I.
k=0 k=0

and the nonlinear terms involved in the model are S(t)I(t) are decompose by Adomian polynomial as

SI = ZAk
=0

Where A, are Adomian polynomials defined as

1 dk k k
A, = —— kg. k.
¥ 7Tk + 1) dhk Z hSJZ o lh=0
j=0 j=0

We can calculate the first four terms
AO = S()I(),Al = 50[1 + SIIOJAZ = 5012 + 5111 + 52]0,143 = 5013 + SIIZ + 52]1 + S3IO ......
Substituting the above infinite series form into equation (4), we have
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B0k (0) =2+ L7 o LUV = B Z0 S¢ (0 +7 Zimo Ik (6) — HEE=0 Sk (O}

Sioh (8) =2+ L7 LB TR0 A (6) = (u+ ) Biio L (03 (5)
By matching the terms on both sides of the equation (3.3), we can get the following iterative algorithm
So=n,lp = m.

when k = 0, from first equation of (5)

1
S =L pra L{N = BSo(8) +vIp(0) — .Uso(t)}}
= L1 {5%1 L{uN — pn+ym — ,un}}

—L-l{il(zv—(/w n + m)}
= e wn +y

1
= L7 g N = B+ om + ym)]

aq

= (uN — (ﬂ"‘#)n‘H’m)m

when k = 0, from second equation of (5)
L= L7 L{BA) — (+ V) (©)})

£t £Bnm — Gt yymy)

(fnm — (u+y)m)

_ 1 {i L prm — (u+ y)m)}
|

s% s

— r-1
- L {SC{2+1
ay

t
= (fnm — (u+y)m) T, + 1)
When k = 1, from first equation of (5)

1
S, = L1 {5711 L{uN — BS;(t) + yI,(t) — Iisl(t)}}

1 “ _
=t {ﬁ L{uN —(B+wuN - (B +wn + Vm)m +y(nm — (u+yIm) 1“(at2 + 1)}}

1 [(ay +1 Ia, +1
=r-1 {Sal (uN — (ﬁ + M)(MN — (ﬁ +wn+ ym)% + )/(,Bnm —(u+y)m) F(az(cj_z 1-;3‘[32-'_1)}

1 1
=L { (N = (B + W WN = (B + 10 +ym) oz +y(Bnm — (u +y)m) mﬁ
204 a;ta;
= (uN — (B + W (UN — (B + n + ym) e +D " y(Bnm — (u+y)m) m)
When k = 1, from second equation of (5)

1
L= £ o LBAO — G+ L)

= L1 {5%2 L{B [n(ﬁnm —(u+y)m) r(::;) +m(uN — (B + wn + ym) %} —(u+y)(Bnm— (u+
y)m) F(ctrzil)}}
1 r 1 r 1
= L1 {E B [(,Ban — (u+y)nm) —F(a(zaj--;)s)“z + (uNm — (B + wnm + ymz)—f‘(a(ffl—i)s)“l
['(ay +1)
= (u+y)(Bnm — (u+y)m) W}}
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2a, tata;

+ (uNm — (B + pnm + ym?) ] - (u+y)(Bnm

M(a; +a,+1)

= {ﬂ [(ﬂnzm — (u+y)nm) TCa, + 1)

tZaz
—m+mmﬁaa¢5}

Similarly, we can get the rest of the terms by using the system of equation
Sear = L7 {5 LGN = BS,(0) +¥1(0) — kS (D}

1

hes = £7{5g7 LIBAK®) — (4 + V(DY (6)

So, we get the solution of the model as an infinite series
SA)=Sg+S1+S;+ S5+ + Spyo...
I(t) :I()+11+12+I3

NUMERICAL RESULTS

In this manuscript, some numerical simulations with the Caputo derivative operator for fractional order SIS model (1)
are presented using Laplace Adomian Decomposition Method (LADM). Subject to the initial conditions: S, =
620, I, = 480, and parametersvalue f = 0.05,,u = 0.02,6 = 0.3, For the SIS model, a Caputo fractional order
derivative was created and the Laplace Transformation and Adomian Decomposition Method were used to successfully
analyze it.

To highlight the efficiency of the purposive approach, the fractional model (1) was solved for @ = 1, and the numerical
solution plots are presented in Figure 1. These plots show good agreement with the results reported in reference [20].

S(t) and I(t)

1200
S(t)
1000—/ It
5 800 ]
©
< 600
Q.
o]
a 400
200}
0 ‘ . ‘ ‘
0 20 40 60 80 100

time
Figure 1. Simulation results for SISata = 1.

In figure 1 When the epidemic starts, most individuals are susceptible. Once the virus begins to spread, the number of
infected individuals increases rapidly because they transmit the infection to susceptible individuals. During the spread,
the number of infected individuals increases rapidly, leading to a decrease in the number of susceptible individuals and
for equilibrium Point, the system reaches a stable state where the number of infected and susceptible individuals remains
constant. At this stage, the rate of infection and recovery is balanced, keeping the number of infected individual’s
constant.

To study the impact of the fractional order on the approximated state functions of model (1), we analyzed several values
of @, and numerical results were documented in Figures 2 and 3. All plots in Figure 2 exhibit a decreasing trend and
stabilize after several days.

Amera S. Alg J Med App Sci. 2024;7(3):740-747 745


https://journal.utripoli.edu.ly/index.php/Alqalam/index

AlQalam

Alq J Med App Sci l
\\_/—‘\'

https://journal.utripoli.edu.ly/index.php/Algalam/index elSSN 2707-7179

S(t]
800 ®
a=1 —
// @ =075
600 | =05
a=0.25
& 400
200 |
0 ‘ ‘ , ‘ ,
0 20 40 60 80 100
time

Figure 2. Simulation results for susceptible at different order.

As we can see, for the highest fractional order &« = 1, Drops rapidly at first, then stabilizes at a low value. This indicates
that the system starts with a large number of susceptible individuals, but due to the rapid infection rate, the number
quickly decreases to a low stable value. It is observed that when a = 0.75,0.5 the same results can be obtained, but at
slower rate than a = 1, and for @ = 0.25 Shows the least steep decline and stabilizes at a much higher value. This
indicates a very slow infection rate, allowing most individuals to remain susceptible. We can summarize the results as
follows:

The higher a, the faster the infection spreads, causing the number of susceptible individuals to drop rapidly and stabilize
at a low value. The lower the a , the slower the infection spreads, causing the number of susceptible individuals to
decrease slowly and stabilize at a higher value.

1100 1®

a=1
a=075 [
a =05
a =0.25

1000

900

800

I®)

700

600

500

400

0 20 40 60 80 100
time
Figure 3. Simulation results for infected at different order.

The graph in fig.3 shows the number of infected individuals I(t) over time for the SIS model with different infection
rates a. We can analysis of the Curves for a = 1, rises quickly at first and stabilizes at a high value. This indicates that
the system starts with a certain number of infected individuals, and due to the rapid infection rate, the number of infected
increases quickly and stabilizes at a high value. fora = 0.75,0.5, rises less sharply than @ = 1, and stabilizes at a slightly
lower value. This suggests that the infection spreads at a slower rate than @ = 1, leading to a lower stable number of
infected individuals. And for &« = 0.25, shows the slowest increase and stabilizes at a much lower value. This indicates
a very slow infection rate, resulting in a lower stable number of infected individuals. we can summarize as: The graph
reflects how the infection rate « affects the disease dynamics in a community. With a higher infection rate, the number
of infected individuals increases quickly and stabilizes at a high value, while with a lower infection rate, the number of
infected individuals increases slowly and stabilizes at a lower value.

CONCLUSION

In conclusion, this manuscript presents an effective approach to solving the SIS model using the Caputo derivative by
employing the Laplace transform in conjunction with the Adomian decomposition method (LADM). The study
demonstrates the robustness of LADM in addressing both linear and nonlinear fractional order differential equations
(FODEs). Through computational and qualitative analyses, the existence of a solution is affirmed, and an approximate
solution is derived in the form of an infinite series. Graphical representations further validate the efficiency of the
proposed method in handling nonlinear FODEs under the Caputo fractional derivative, showcasing the method's
potential for broader applications in complex differential equation models.
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