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ABSTRACT

In this work the MHD instability problem is reviewed, given some static equilibrium parameters (p, , po ,§0 and v, = 0), we
study this equilibrium for small perturbations to see if these perturbations grow or decay. Among the several approaches, the
energy principle is used, and the criteria for its application are recovered. This condition is applied in the study of the
interchange, sausage and the kink instabilities.
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INTRODUCTION

We take more general review of the MHD instability problem: given some static equilibrium (o, , po ,§0 and v, = 0), we
will study this equilibrium for small perturbations to see if these perturbations grow or decay. There are two ways to do it:
Firstly, try out the normal-mode analysis, i.e., linearize the MHD equations around the given equilibrium, and see if any of
the frequencies turn out to be complex, with positive imaginary parts (growth rates) [9]. This approach has the advantage
of being direct and also of yielding specific information about rates of growth or decay, the character of the growing and
decaying modes, etc. However, for spatially complicated equilibria, this is often quite difficult to do: just being able to prove
that some configuration is stable or that certain types of perturbations might grow [2,5]. Hence the second approach:
Secondly check whether, for a given equilibrium, all possible perturbations will lead to the energy of the system increasing.
If s0, then the equilibrium is stable—this is called the energy principle and we shall prove it shortly. If, on the other hand,
certain perturbations lead to the energy decreasing, that equilibrium is unstable. The advantage of this second approach is
that we do not need to solve the linearized MHD equations in order to find instability [6, 8], just examine the properties of
the perturbed energy functional. It should be already quite clear how to do the normal-mode analysis, at least in principle,
so the second approach is used.

Energy Principle
Consider what the total energy in MHD is [3]:
1 1 1 1
E=[ar? (EPU2+§BZ+EP)=I‘17”3 (EPUZ-HP) 1)
As usual, all perturbations of an MHD system away from equilibrium can be expressed in terms of small displacements ¢,
9%

U= = » and that by definition of £ we get:
22
a ~ -~ >
e=[drd2pg (2 + o + P[] + o[, E] + - )

Where we have kept terms up to second order in & and so ¥, is the equilibrium part of  (i.e., its value for § =0), P[] is

linear in £ and 1, [5 f] is quadratic term, etc. Energy must be conserved for all orders, so:

de _ rar3 71e1- % 40, |2 1+ 0, [ 8] + 0, [22] 4 =
2 = Jdr® FI¢] at+¢1[at +¢2[at,f]+¢z[f.at +=0 (3)
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0% _ =
Where, Po5z = F€].
This must be true at all times, including at t = 0, when ?and aE/at can be chosen independently (MHD equations are
second-order in time if written in terms of displacements). Therefore, for arbitrary functions 5 and ¥, [9]:

Jdr® - FE] + 1 L7 + P2 [5.8] + P [E 7] + - =0 @)
In the first order, this tells us that
Y1lX]1 =0 (5)
This means that there are no first-order energy perturbations. In the second order, we have
Jdrd 7 - F[E] = =ba[7,€] = o[£, 7] (6)
Let y = ¢ implies
Po[€,€] = —5 [ ar® - F¢] (7)

This is the part of the perturbed energy in Eqg. (2) that can be both positive and negative.
The energy principle implies that if:

$,[€,€] > 0, forany ¢ ®)
The result is a stable equilibrium.
¢ €
N N
(a) Instability. (b) “Over stability”

Figure 1. MHD instabilities

Properties of the Force Operator
Since the right-hand side of Eq.(6) is symmetric with respect to interchanging 5 & ¥ so must be the left-hand side:

[dr® g F[¢] = [dr® & Flx] )
Therefore, the force operator F [€] is self-adjoint. By definition:
2T =
po 2% = F[E) (19
The eigenmodes of this operator satisfy
f(r. t) = é—nexp_lwnt = T[fn] = pOszlEn (11)

As always for self-adjoint operators, their eigenvalues {w?2} are real, and the eigenmodes {fn} are orthogonal. This result
implies that, if any MHD equilibrium is unstable, at least one of the eigenvalues must be w2 < 0 and, since it is guaranteed
to be real, any MHD instability will give rise to purely growing modes (Fig. 1a), rather than growing oscillations “over
stabilities”; see (Fig. 1b).

Calculation of 1,[¢, 7]

Now that we know that we need the sign of 1,¢[£, ¥] to ascertain stability (or otherwise), it is worth working out %, [£, 7]
as an explicit function of 5 . It is a second-order quantity, but Eq. (7) tells us that all we need to calculate is :7_-2[5] to first
order in 5 i.e., we just need to linearize the MHD equations around an arbitrary static equilibrium.
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Linearized MHD Equations
Assuming that equilibrium quantities U, = 0 and (p, , P ,EO) are constant in time and using the general perturbations
function as for a given mode (keeping only first order terms);

£ 6) = fo + f exp'(F¥9%) Hence, using s = 2 we obtain:
f&t)=fo+fexp gv =75,

o = . . o = a =
X4V =0 = L=-T.p, % =p=-7V () (20)
a LS = — N A > — - 2
(E+U-V)p:—ypV-v = p=—& Vpy—ypeV-¢ (21)
6§ = - o D v z D
E=VX(UXB) = B=Vx(&xB) (22)

As the second part of Eq.(1) suggest, ¢ = [ dr® (Sin (fﬁ) + ﬁp) must be some operator involving ?and its gradients.

Remember p, p and B are all vectors expressed as linear operators in 5 .
Finally, add gravity to the force term in the momentum equation and linearizing:

p(%+ﬁ-Vﬁ)=Vp+ﬁ(Vx§)x§+pj (23)
This leads to:
2F — = — - ~ = N =4 -
pongz F&] = —Vp+ - (Vx Bo) x B+ (V x B) x By + p§
:V(f-Vp0+ypOV-g)—gﬁ-(p0§)+%f0x§+ﬁ(3x§)x§0 (24)

Where jo = - (V x By ) , we have used Eq.(20) and Eq.(21) for 5 and $ respectively, and B is given as:

Energy Perturbation
Substituting Eq.(24) into Eq.(7) use integration by parts and some vector identities manipulation to arrive at the energy
perturbation expression,[7]:

e a— — > — 2
(& Vpo)V & +ypo(V-¢)
> A\e 1. pud a B 2
+(3- )V (pof) +2Jo- (§x B) + 2L
Note that two of the terms inside the integral (the second and the fifth) are positive-definite and so always stabilizing. The

terms that are not sign definite and so potentially destabilizing involve equilibrium gradients of pressure, density and
magnetic field (currents), [9].

What we need to show now is to calculate 1, [5 )Z] according to Eq.(26) for any equilibrium that of interest and see if it
can be negative for any class of perturbations (or positive for all perturbations). The first statement will lead to instability

i.e. ,[€, 7] < 0 and the second will lead to stability, i.e. (b, [, 7] > 0.

Bo[€,4] = J dr? (26)

Interchange Instabilities
To put the energy principle to work to classify stability, we will start to consider a purely hydrodynamic situation: the
stability of a simple hydrostatic equilibrium describing a generic stratified atmosphere, [5]:

po = po(z) and py = py(z) satisfying

d S 5 ~
P=—pod . (G=-g0 27)
With EO = 0 and the hydrostatic equilibrium Eq. (27) and Eq.(26) becomes

~ — > — 2

B, =5 dr* {206 &V - E+ypo(V- ) — phaéZ) (28)

Where, we have used p,g = —pj . We see that 1, depends on &, and V- g? . Let us treat them as independent variables
and minimise 1, with respect to them (i.e., seek the most unstable possible situation):

6_1712 — o .2 — 9.2 o

3[75) 2008, +2ypo(V-§) =0 = V-&=-1, (29)

Substituting this back into Eq.(28), we get
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Bo =S drt (~Eo = pigez) = 3 art 2Lt (nB) g2 = L[ drd B0 L (insy)g (30)

Yy dz
Where, s = ”3 give the entropy function. By the Energy Principle, the system is stable if

P, >0 = E(lnso) >0 (31)

The inequality Eq.(31) is the Schwarzschild criterion for convective stability. If this criterion is broken, there will be
instability, called the interchange instability. When the Schwarzschild criterion is broken (1[;2 < 0) , the physical
situation is as the following. Recalling Eq.( 20) and Eq.( 21) and take the displacements which minimize 1, given by
Eq.( 29) to get:

L o= —pipoéy —yV-E=0 (32)

Po

2 = —pppoge — ¥V & = 5 (-2 + 1) = 220y, (33)

The found perturbations are not sound waves since there is no pressure change. They are local increase or decrease in
density for blobs (column) of fluid that fall (¢, < 0) or rise (¢, > 0), respectively. That is, if we imagine a blob of fluid
slowly rising (adiabatically slowly, so p = 0) from the denser regions of the atmosphere to the less dense upper ones, then
to stay in pressure balance with its surroundings will require the blob to expand (5 < 0) or contract (5 > 0). If it is the

latter, it will fall back down, pulled by gravity; if the former, then it will keep rising (buoyantly) and the system will be
unstable (d(lns") < O) see Fig.2. The direction of the entropy gradient determines which of these two scenarios is
realized,[2].

Z Poz2 +P
A 02 02

O

O

Po1 Po1

Figure 2. Interchange instability

Instabilities of a Pinch
Consider the stability of the z-pinch equilibrium review by Haines, [4]:
Bo(rBy)’ (34)

B
By = By, jo = joe, == o, and py(r) = —LjyB, = — 2
Working in cylindrical coordmates we must first write all the terms in Eq.(26) in these coordinates using the equilibrium
terms in Eq.(34):

(- Tpo)V- £ = py 5 + pig (Zr + Z2) (35)
2

U R G (39)

)= (25 a0 (502 0, (20) &
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15 0¢, B
Yo - (8 x B) = pig (L2 + Zr) + Bhg (38)
B> _ B} ((0& 25, % 4 2, B\
= {(ﬁ) +(5) }+ﬁ(az +65,) (39)
Combining all this together, to obtain:
§2  BE( 0% | 0%
R Zpo - + + a
B, = %fdr3 T ( or r az) (40)

(— 10 4 06" ) B (%) + (Z))

This is the energy perturbation expression, obtained in cylindrical coordinates [7].

Sausage Instability
Let us first consider axisymmetric perturbations: % = 0. Then 1, depends on two variables only: &, and

08, 9E,
x=2r4 2 (41)
Indeed, unpacking all the r derivatives in Eq.(40), we get
B T T
Py =3[ dr? {ZPO 4,"1()(—57) +Vpo(x+f) } (42)
We shall treat &,. and y as mdependent variables and minimise 1, with respect toy:
Yy, . BZ & _ _1-vB/2 &
ox ZE(X ) +2rbo (X + ) O =X = (43)
Where, f =
d 2 2
b2 =3/ dr® po( Pt ) 49
There will be instability (i, < 0) if:
dpg 2y
—T > T (49)

i.e., when the pressure gradient is too steep, the equilibrium is unstable. Recall that the perturbations that we have
identified as making 1), < 0 are axisymmetric, have some radial and axial displacements and are compressible: from Eq.
(43),

V.f=pygpr__2 &
v €_X+r _1+yB/2r (46)

Higher

curvature

Lower

curvature
curvatur

Figure 3. Sausage instability
They are illustrated in Fig.3. The mechanism of this aptly named sausage instability is clear: squeezing the flux surfaces

inwards increases the curvature of the azimuthal field lines, this exerts stronger curvature force, leading to further
squeezing; conversely, expanding outwards weakens curvature and the plasma can expand further [1].
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Kink Instability
Now consider non-axisymmetric perturbations (% # 0) to see what other instabilities might exist. First of all, since we

now have 6 variation, y), depends on &,. However, in Eq.(40), &, only appears in the third term, where it is part of V- 5
which enters quadratically and with a positive coefficient yp, We can treat V- 5 as an independent variable, alongside &,
and &,, and minimise 1, with respect to it. Obviously, the energy perturbation is minimal when
V-&=0 (47)

i.e., the most dangerous non-axisymmetric perturbations are incompressible. To carry out further minimization of 1, it
is convenient to Fourier transform our displacements in the 6 and z directions—both are directions of symmetry (i.e., the
equilibrium profiles do not vary in these directions), thus:

§ = Tk & (r) exp!MO+ED (48)
Then Eq.(40) (with V - & = 0) becomes, by Parseval’s theorem (the operator F[€] being self-adjoint:

~ 1 o 1 1Sr : B§ a r P 2 2
Y, = Ezm,k 2ml, fo rdr {2p0%+ﬁ<|ra(2) +ikéz| + T:_Z(lfrlz * |€Z|2)>} ()

As &, and & only appear algebraically in Eq. (49) (no r derivatives), it is easy to minimize y, with respect to them:
setting the derivative of the integrand with respect to either
&, or & to zero, we obtain:

ik (r 2 (5) +ikg,) + g, =0 =g, =10 (&) (50)

m2+k2r2 or \ r
Putting this back into Eq. (49) and assembling terms, we have:
;o 0 oo, mA\ &2 | B (_ m? 3 (&\|?
b2 = Zmperly o rdr {ZPO (e + ) o+ 2 (et [ () (51)
The second term here is always stabilizing. The most unstable modes will be ones with k — oo for which the stabilizing
term is as small as possible. The remaining term will allow ¥, < 0 and, therefore, there is instability, if:

2
—r%(lnpo) > % (52)
Again, the equilibrium is unstable if the pressure gradient is too steep. The most unstable modes are ones with the

smallest m with, m = 1.
The unstable perturbations are incompressible,[6]:

-

ViE=0 = 2 0&) + T+ ik, =0 (53)

Figure 4. Kink instability

Setting, m = 1 and using Eq.(50), we get:

i 9 d (&
(o) ~ =5, (E) +72 52 (F) = 26, and & <« & (54)
The instability action is as follows: the flux surfaces are bent, with a twist (to remain uncompressed). The bending pushes
the magnetic loops closer together and thus increases magnetic pressure in concave parts and, conversely, decreases it in
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the convex ones. Plasma is pushed from the areas of higher B to those with lower B, thermal pressure in the latter (convex)
areas becomes uncompensated; the field lines open up further, etc. This is called the kink instability, [10]; see Fig.4.

CONCLUSION

Among the several approaches, the energy principle is used. The energy principle is applied in the study of the interchange,
sausage and the kink instabilities. We study this equilibrium for small perturbations to see if these perturbations grow or
decay.
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