Algalam Journal of Medical and Applied Sciences. 2025;8(4):2863-2869
https://doi.org/10.54361/ajmas.2584112

Original article
The Mathematical Structure of the Space of Test Functions

Zohra Farnana*", Thuraya Rkhayes

Department of Mathematics, Faculty of Education, University of Tripoli, Tripoli, Libya
Corresponding Email. Z.FARNANA@uot.edu.ly

Abstract

This paper aims to provide a simple and clear presentation of the mathematical structure of the
space of test functions, highlighting the essential definitions, illustrative examples, and construction
methods using the concept of convolution. These functions form the foundation of distribution theory
and weak derivatives.
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Introduction

Test functions play an important role in many fields such as mathematics, optimization, and computer
science, where they are used as standard examples to test whether a certain property or definition is
satisfied. In particular, test functions play a key role in defining the concept of weak derivatives (derivatives
of functions that are not differentiable in the classical sense) [1 — 6]. Moreover, in distribution theory, test
functions are used to define generalized functions [4,7]. A test function is a smooth function with compact
support: 'smooth function' means that the function has continuous derivatives of all orders, and 'compact
support' means that the function vanishes outside of some bounded set.

Many ordinary functions, such as polynomials, exponential functions, and trigonometric functions, satisfy

the first condition (smoothness), but they do not vanish outside a bounded set. Therefore, in many cases, it
is not easy to represent test functions directly. Instead, constructing test functions requires combining
different types of functions. Exponential functions are very important in constructing test functions when
they are used together with other functions.

One common method to construct test functions is the convolution, i.e., combining two functions to produce
a new function with smoother properties. If we take a locally integrable function f and a test function ¢, we
can define their convolution as

(fxo)(x) = Rnf (x—=y)e)dy.

Where the integral is always finite, since ¢ is smooth and vanishes outside a bounded set. The resulting
function is smooth function even when f is not continuous. For more details about the convolution, see e.g.,
[1,9].

This paper is organized as follows. In Section 2, we define the support of a function and give different
examples in which the support is compact or not compact. We also define the smooth function provided
with many direct and indirect examples. In Section 3, we define the notion of test function and their
properties, provide many examples of them, and explain how to construct them using convolution, along
with several theorems and their proofs.

Preliminaries
Definition 2.1: Support
The support of a function f: R" - R is the closure of the set { x € R™: f(x) # 0}, i.e.
supp f = {x € R™: f(x) # 0}
The space of continuous functions with compact support in A € R" is denoted by C.(Q) or C, ().

Examples 2.2
1-Let the function f(x) be defined as:
_ _ (1 if x€e [01]
F =10a®={y it ve 101]

Then,

supp f(x) ={x eR: f(x) #0} = [0,1] =[0,1]
Therefore, the function f(x) has compact support, which is [0,1], but,
f(x) e CC(Q)!
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because f(x) is not continuous.
2- Let the function f(x) be defined as:
f(x) =sinx.
Then, supp f(x) ={x ER:sinx # 0} =R\{nr: n € Z} = R.
Therefore, the function f(x) does not have compact support, because the support of the function f(x) is
the set of all real numbers R, which is an unbounded set. Hence,

f(x) € Cc()

3- Let the function f(x) be defined as:

0 iflx] =1
Then, supp f(x) = {x eR: f(x) # 0} = (—1,1) = [-1,1].
Therefore, the function f(x) has compact support, which is the interval [—1,1], and it is also a continuous
function. Hence,

fx) € C.(Q).

Definition 2.3: Smooth function[11]

A function ¢: R™ = R is said to be smooth or infinitely differentiable if its derivatives of all orders exist and
are continuous.

The set of all smooth functions in Q ¢ R" is denoted by C*(Q) or C*.

An easy and direct examples of smooth functions are Polynomials, exponential functions, and trigonometric
functions, such as sinx and cosx, because they are infinitely differentiable.

The following example is useful and will be used in the construction of test functions below.

Example 2.4
For x € R, the function

fG) =

is a smooth function. Since the exponential function and the zero function are smooth functions, it is

sufficient to prove that f is infinitely differentiable at zero.

1
eh

. . - . . )=, h<O
By definition, f'(0) = lim L@ — iy L = iy
h-0 h h-0 h h-0
0, h=0
. . f(y
This means that lim — = 0, and
h-0% h
1 1
F 1
hlir[r]1_ %h) = hlir(r)l_ % = hlir(r)l_ - =0, where we rewrite the numerator and denominator in the last limit to be able
- - - e R

to apply the L'Hopital's rule.
Thus lim 2% = lim =% = 0 = 0. Hence, f'(0) = 0.

h-0~ h h=0" .~}

Similarly, we can show that f ®0)=0, k=234, by using the L'Hopital's rule k times.

Space of Test Functions
Definition 3.1: Test Function

A function ¢:R" - R is said to be a test function if it is infinitely differentiable function with compact
support.
The space of test functions on Q, denoted by D(Q) or C°(Q)

Remark
ForQcR"and k=1,2.... we denote by
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i. C(Q) = {¢: Q- R: @ is continuous}.

ii. Ck(Q) = { ¢: Q@ > R : @ is differentiable up to order k}.
iii. C*(Q) ={¢@:Q > R: ¢ is infinitely differentiable}
iv.  CkQ) = Q) nC.(Q).

V. C2(Q) =C*(Q) N C.().
vi. LP(Q) = {u: Q - R:u is measurable, |[ull,pq) < oo},

1/p
Where [[ullypa) = (fj, lul? dx) (1<p< o).
vii. L} (@) ={w:Q - Riu € LP(V) foreachV c V c Q}.
If p = 1, a function f € L'(Q) is called integrable, and a function g € L7, .(Q)
is called locally integrable.

Example 3.2: (of not Test Functions)
i- Let the function u(x) defined as:

1-x? x€e[-1,1]
u(x) =
) { 0 otherwise

The function u(x) does not belong to the space of smooth functions because its derivative does not exist at
1 and —1, and therefore it does not belong to the space of test function, despite having compact support.
ii- Let the function v(x) defined as:

v(x) =e™*

4 1

The function v(x) is differentiable in an infinite number of times, and therefore it belongs to the space of
smooth functions. However, it does not have compact support because it never equals zero, and thus it does
not belong to the space of test functions.

Example 3.3: (of Test Function)
First take n = 1, the real line, let ¢ be defined by

1y
o) = {exp<m) LS
0 if|lx] =1
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Then ¢ € CX(R). To see this, notice that ¢(x) = f(x? — 1), for f in Example 2.4. Hence ¢ € C*(R), and the
supp ={x:p(x) #0}={x:|x| <1} =|x| < 1.

1 .
For arbitrary n > 1 we take, ¢(x) = [exp( IIxIIZ—l) if el <1

0 if x|l =1

Then ¢ € C°(R™)
Properties of the Space of Test Functions
The following are some of the basic properties of the space of test functions.

1-Linear Space

The space of test functions is a linear space, i.e. if ¢, @, are a test function and a,b € R then (a@, + bp,)
is also a test function.

2-Multiplication by a Smooth Function [3]

If p(x) is a test function and f(x) is an infinitely differentiable function, their product f(x)@(x) is also a test
function.

3-Basic Operations [12]

Translation: If ¢(x) is a test function, the translated function ¢(x —a) is also a test function, where a is a
real number.

Dilation: If ¢(x) is a test function, the function ¢(ax) is also a test function, where a is a real number.
4-Convergence|[8]

A sequence of test functions {¢,} is said to converge to a test function ¢ in the space C°(Q) if,

i-there is a compact subset K of Q such that supports of all the functions in the sequence {¢,} (and of ¢ ) lie
in K.

ii- ¢, and derivatives of ¢, of arbitrary order converge uniformly to ¢ and its derivatives.
Definition 3.4: Convolution

Let f, g be measurable functions on R". The convolution f * g is defined by

frg = fe-»gay
]RTL
For all x € R™ such that the integral exists.
Some properties of convolution [1,2,10]

1-The convolution is defined for instance if f € L},, and € C(R"). Then fx@p =@ = f,f xp € C°(R") and
0*(fxe) =f*0% .
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Where a = (a,,ay, . ....,ap) EZ", |a| = a; + ay + -+ a, and
e
f = i = Qg0
axlal ”.axnan X1 Xn

2- For appropriate functions f and g one has

supp (f *g) S supp f +supp g .
3-If fe L} .(R") and € C,(R"). Then f * ¢ is continuous.

4-Let f € I2(R") = {u € LP(R™), u = 0 outside a compact of R" }, For all ¢ € C(R"), we have ¢ * f € CZ(R™).

Theorems on Test Functions
In this section we define B,.(x) :={y € R™ ||y — x|| < r}.
Lemma 4.1: There exists a test function ¢ in R" such that ¢ = 0, supp ¢ < B;(0) = {x:|x| < 1} and

Jgn@ dx = 1.
Proof:
We have shown that the function ¢ in Example 3.3 is in the space C°(R™) and that supp ¢ = {x: |x| < 1}, it

remains to show that fRn ¢ dx = 1. To see this we can divide ¢ by fRn ¢ dx and called again ¢.

Remark: Let € > 0, we define ¢, = ¢ "¢ (f) ,x € R", where ¢ is the function defined in the previous Lemma.
Notice that, we also have fRn @ dx = 1.To see this we use change of variable y = f this implies that dy =

e "dx. Hence [, ¢, dx = [, dx =1
Definition 4.2 [5]
For every A,B € R" and x € R" we define
dist(x, A) :=inf {||lx — y||:y € A}

dist(4,B) :=inf {Jlx —y|:x € A,y €B}.
Theorem 4.3 [5] : Let f be locally integrable on R™(that is f € L},.(R")) and g € C¥(R™). Then f * g € C*(R")
and

supp (f * g) < supp f + supp g.

Proof:
Since 0%(f * g) = f * 3%g, we have f x g € C*(R"). As for the support, notice that by the definition of
convolution f * g(x) = fRn f(x—y)g(y)dy and for x € R" such that f = g(x) # 0, it follows that, there exists
at least y € R" satisfies f(x —y)g(y) # 0, which happens when f(x —y) # 0 and g(y) # 0i.e., x —y E€supp f
and y € supp g. Since x = (x —y) + y, we have x € supp f + supp g. This shows that

{x e R™ f * g(x) #+ 0} S supp f + supp g.
Since supp f is a closed set and supp g is a compact set, we have supp f + supp g is a closed set. Now, we
have

supp (f * g) ={x ER™: f % g(x) # 0} S supp f + supp g = supp f + supp g, which ends the proof.

Theorem 4.4 [10] : If Q is an open set in R™ and K is a compact subset of (, then there exists a function
Y €C(Q) with 0 <3 <1 such that ¥ =1 in the neighborhood of K.
Proof:
Let € > 0, be sufficiently small such that dist(K, Q) = 4¢. Let also
Ko :i={y €Q: |[x —yll < 2¢} and yy,, be the characteristic function of Kj,.
Now we define the function i as follows
Y = Xk, * s € C°(kse ). (1)
C*regularity of ¥ follows form properties of convolution and compactness, follows Theorem 4.3, since
supp () € supp(x,,) + B 0) < K.
To show that 0 < < 1, we have from equation (1) that

0<yp(x) = f Xicpe (x = ) @:(y)dy < f P:(y)dy =1
R R
It remains to show that Y = 1 in a neighborhood of K we just show that 1 — vanishes in K,. Since,

1=y =1- (X * ) = 1= [on Xy (x = Y9 (y)dy
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= f @ ()dy — f Xi,e (X = V) (y)dy
R" R

= | (A-xg,) @x—»e:0Ndy = (1 - xg,,) * Qe
Rn

Since supp (1 —¥) < supp(1 — xk,,) + B:(0) = Q\Ky, + B.(0) = Q\K,. It follows directly that 1 — = 0 in K,,
ie, Y =1inK,.
Theorem 4.5 [7] : Let f € C¥(R"), where 0 < k < . Let ¢ € C¥(R") be such that
=0, suppoc{lx|<1}, [edx=1,
Let € be a positive real number, and put

£ =60 = [ 1) o () ay. @

Then f, € C°(R™), and the support of f, is contained in the e-neighbourhood of the support of f; moreover,
if |a| < k, then the 3%f, converge uniformly to d%f as ¢ = 0.
Proof:

C*regularity of f; follows form Theorem 4.3, since supp (f;) < supp(f) + B.(0), which is compact. To prove
the convergence of 0%f,, we use a change of variable z = % and write equation (2) as

fe(x) = Jf(x —¢ez)p(z)dz.
This implies that

1.6 = F ) = || f& = oz - f0| = | [ £x - envp@dz - [ frprdz
< [IrG = en) - @ 9z < supllGx +3) - F @iyl < 23,

The last inequality in the right-hand side tends to zero as ¢ = 0. Hene f, = f uniformaly. Similarly, since

0%, (x) = 9°(f * 9) = (3°f * ;) = j 9%f (x — £2) @(2)dz,

we can show that d%f, - 9%f uniformly as € - 0.

= U(f(x —ez) — f(x))p(z)dz

Conclusion

The paper highlights the importance of the space of test functions as a cornerstone in distribution theory
and weak derivatives. These functions are used to define general concepts that go beyond the traditional
limitations of differentiation. They also serve as a central tool in the analysis of partial differential equations.
The paper explains how constructing these functions requires a deep understanding of smoothness and
compact support, and it provides practical methods for their creation, such as convolution. This makes
them valuable theoretically and practically in various fields of mathematics.
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