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Abstract

Nowadays, integral transforms are the most appropriate techniques for finding the solution of
typical problems because these techniques convert them into simpler problems. Finding the
solution of initial value problems is the main use of integral transforms. Also, there are so many
other applications of integral transforms in different areas of mathematics, statistics, and
engineering, such as in solving improper integrals of the first kind, finding the solution of heat
transfer problems, electrical networks, and signal processing problems. In this research paper, we
will discuss connections between the Abaoub-Shkheam transform, a new integral transform type,
and some effective integral transforms. Integral transforms of some typical functions are presented
in a table to effectively illustrate the relationship between the Abaoub-Shkheam transform and
some effectively mentioned integral transforms.

Keywords. Integral Transforms, Dualities, Abaoub-shkheam Transform, Laplace Transform, El-
zaki Transform.

Introduction

Integral transformations are mathematical tools for solving ordinary and partial differential equations and
special types of integral equations [1,2]. Therefore, this field has recently gained great attention from many
researchers through the introduction of several integral transformations [3,4]. Moreover, these
transformations are studied and analyzed to discover the relationships between them [5-7]. Ali Abaoub
and Abigail Shkheam recently introduced a new integral transformation, called the Abaoub-Shkheam
transformation [8]. This study aims to find the dual relationships between this integral transformation and
some important integral transformations, namely the Laplace transform [9], ZZ transform [10], El-Zaki
transform [11], Sawi transform [12,13], Sumudu transform [14], and Mahgoub transform [15], with some
simple examples.

Abaoub-Shkheam transform "Q — Transform”
Definition 1: Let (t) be a function defined for all t = 0. The Q-transform of (t) is the function ©8; defined by
f(t) is the function T(v,s) defined by

QW) = 1w, = [ fevea ©
0

Provided the integral exists for some s, where se(t;,t,) .
The original function f (t) in eq.(1) is called the inverse transform or inverse of T(u,s), and is defined by

£ = Q' [T(w,s)] = Q! f Fot)e s dt
0

The Abaoub-Shkheam Transform Dualities

In this section, we define the dualities between the Abaoub-Shkheam transform and some important
integral transforms, namely the Laplace transform, the ZZ transform, the Elzaki transform, the Sawi
Transform, the Sumudu transform, and the Mohand transform.

Abaoub-Shkheam- Laplace Duality
Definition 2: The Laplace transform of the function f(t), t=0 is given by

F) = LT©) = [ f@ear @

1Theorem
If the Laplace transform and the Abaoub-Shkheam Transform of f(t) are F(s) and T(v,s) respectively,
then

T(v,s) = %F (%) 3
And
F(s) =vT (v, %) €))
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Proof: To prove eq.(3) we use eq.(1)

T(v,s) = ff(vt)e_Ttdt

0
Substitute w = vt = dw =vdt in the integral on the right-hand side, we get

r@s) = [ fnes v

v

0
1 (L)w
T(v,s) = ;f fw)e \ws/™ dw
0
Hence, on comparing with eq.(2) we obtain

1 1
T(v,s) =-F (—)
v \vs
To prove eq.(4), from eq.(2) above

F(s) = f festdt

0
Substitute t = vw = dt = vdw in the integral on right-hand side we get

F(s) = j fow)e™"™ vdw
0

F(s) = v jo f(vw)e<_:)Is> dw = v Jw f(vw)e<%> dw
0

0
Hence, on comparing with eq.(1) we obtain

1
F(s) =T (v, v_s>
Thus, we obtained the required dual relations between the Abaoub-Shkheam transform and the Laplace
transform and its inverse dual.
Table 1: The dualities between the Abaoub-Shkheam transform and the Laplace transform of
useful basic function

1 1
TR
f@© [ Tws) = e ®] F&) = Lir@y | T =5F (55
n!
tn nlpnsntl o nlpngn+l
Sn+1
et S 1 S
1—avs s—qa 1 — avs
sin(at) —av52 _a avs?
1+ a?v?s? s?+a? 1+ a?v?s?
g 5 L
cos(at) T 732 2 1 o2 i i

Abaoub-Shkheam- ZZ Duality
Definition3:
Let (t) be a function defined for all t = 0. The ZZ Transform of (t) is the function Z(v,s) defined by

Z(v,s) = G{f(t)} = sf fwt)e stdt 5)
0

Theorem 2
If the ZZ transform and the Abaoub-Shkheam Transform of (t) are Z(v,s) and T(v,s) respectively, then

T(v,s) =sZ (17, %) (6)
And
Z(v,s) =sT (v, %) ™

Proof: To prove eq.(6), we have from eq.(1)
-t
T(v,s) = f f(vt)es dt
0

Multiply E in the integral on the right side, we get
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[oe]

S -t
T(v,s) =§ff(vt)e s dt

0
1 1
T(v,s)=s [Ef Fwt)e dtl
0
Hence, on comparing with eq.(S) we obtain

1
T(v,s) =sZ (v, E)
To prove eq.(7), from eq.(5) above

Z(v,s) = sf fwt)e stdt
0

| [ el
Z(v,s) =s 0ff(vt)e dt

Hence, on comparing with eq.(1) we obtain

1
Z(v,s) = sT (v, E)
Thus, we obtained the required dual relations between the Abaoub-Shkheam transform and the ZZ
transform and its inverse dual.

Table 2: The dualities between the Abaoub-Shkheam transform and the ZZ transform of the useful

basic function
1
T =sZ|v,—
F© |15 = 0 ®)] 20,5 = 6r) T®9 =57 (v5)
tn n! 17nsn+1 nlv" n! vnsn+1
! - !
pat s s s
1—avs s—av 1—avs
) avs? avs avs?
sin(at)| ———— —_— -
1+ a?v?s? s? + a?v? 1+ a?v?s?
; S 52 S
cos(at) 1+ a?v?s? 5% + @?p? 1+ a?v?s?
Abaoub-Shkheam- Elzaki Duality
Definition4: Elzaki transform of the function f(t), t=0 is given by
-t
C®) = BF@} = 5 [ f@e e ®
0
Theorem3
If the Elzaki transform and the Abaoub-Shkheam Transform of f(t) are C(s) and T(v, s) respectively, then
1
T(v,s) = 7 C(vs) 9
And
s
C(s) =svT (17, ;) (10)

Proof: To prove eq.(9) we use eq.(1)

T(v,s) = f f(vt)e_Ttdt
Substitute w = vt = dw =wvdt in the integral on th:e right-hand side, we get
T(v,s) = ff(w)e% dTW
&
T(v,s) = %f f(W)e_(%)W dw
0

Now multiply the right side by E we have

T(v,s) = # [vsf f(w)e_(%)W dwl
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Hence, on comparing with eq.(8) we obtain
1
T(v,s) = —C(vs)
sv
To prove eq.(10), from equ.(8) above

-t
C(s) = sf fesdt
0
Substitute t = vw = dt = vdw in the integral on the right-hand side, we get

C(s)=s f(vw)e% vdw
0

C(s) =sv ff(vw)e<?> dw
0

Hence, on comparing with eq.(1) we obtain
s
C(s) = svT (v, ;)
Thus, we obtained the required dual relations between the Abaoub-Shkheam transform and the Elzaki
transform and its inverse dual.

Table 3: The dualities between the Abaoub-Shkheam transform and the Elzaki Duality transform
of the useful basic function

] 1
f@®) | Tw,s)=0Q{f()] C(s) =E{f(®)] T(v,s)= FC(vs)
tn n! vnsn+1 nl Sn+2 n! vnsn+1
S 52 S
eat
1—avs 1—as 1—avs
) avs? as3 avs?
sin(at) Pl —
1+ a?v?s? 1+ a%s? 14+ a?v?s?
s s? s
cos(at) _—
1+ a?v?s? 1+ a%s? 1+ a?v?s?
Abaoub-Shkheam- Sawi Duality
Definition 5: Sawi transforms of the function f(t), t=0 is defined by
1 -t
A®) = Wi ©) = 5 [ r©ea (a1
0

Theorem 4
If the Sawi transforms and the Abaoub-Shkheam Transform of (t) are A(s) and T(v,s) respectively, then
T(v,s) = vs?A(vs) (12)
And
v
As) = S—2T(v,§) (13)

Proof: To prove eq.(12), we have from eq.(1)

T(v,s) = ff(vt)e_Ttdt
0

Substitute w = vt = dw =vdt in the integral on the right-hand side, we get

Tw,s) = | fw)ews
|

dw
v

T(v,s) = %f f(W)e_(%)W dw
0

Now multiply the right side by % we have
_ vs? 1 -(E)w 2 1 (2w
T(v,s) = F;j fw)e (vs) dw =vs [—(vs)z fw)e (vs) dw
0 0

Hence, on comparing with eq.(11) we obtain
T(v,s) = vs?A(vs)
To prove eq.(13), from eq.(11) above

[oe]

A(s) = slz f(t)e_Ttdt

0
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Substitute t = vw = dt = vdw in the integral on the right-hand side, we get

W

A(s) = siz vf fvw)e s dw

w
=
v

A(s)=slsz(vw)e_< >dw
0

Hence, on comparing with eq. (1) we obtain
v s
A(S) = S_ZT (U,;)
Thus, we obtained the required dual relations between the Abaoub-Shkheam transform and the Sawi
transform and its inverse dual.

Table 4: The dualities between the Abaoub-Shkheam transform and Sawi transform of the useful
basic function

@ T(v,s) = Q{f (t)| A(s) = W{f(t)| T(v,s) = vs?2A(vs)
tn nlpnsttl nlst nlynsntl
S 1 S
eat
1—avs s(1—as) 1—avs
sin(at) avs? a avs?
1+ a?v?s? 1+ a?s? 1+ a?v?s?
S 1 S
cos(at) 1+ a?v?s? s(1 4 a?s?) 1+ a?v?s?

Abaoub-Shkheam- Sumudu Duality
Definition 6: Sumudu transform of the function f(t), t=0 is given by

J6) = 0@ = [ flsnrear (14)
0

Theorem5
If the Sumudu transform and the Abaoub-Shkheam Transform of f(t) are J(s) and T(v,s) respectively,
then
T(v,s) = s](vs) (15)
And

v N
J) =21 (%) (16)
Proof: To prove eq.(15) we use eq.(1)

T(v,s) = ff(vt)e_Ttdt
0

Substitute w = E =dw = % in the integral on the right-hand side, we get

T(v,s) = ff(vsw)e“"’ sdw
0

T(v,s) = sf f((wvs)w)e™ dw
0
Hence, on comparing with eq.(14) we obtain
T(v,s) = s](vs)

) = [ fesvetas

0
Substitute t = va =>dt = Edw in the integral on the right-hand side, we get

To prove eq.(16), from eq.(14) above

J6) = [ rowe Zaw

F(s) = ;ff(vw)e(_%> dw

Hence, on comparing with eq.(1) we obtain
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v s

J©) =T (v-)
Thus, we obtained the required dual relations between the Abaoub-Shkheam transform and the Sumudu
transform and its inverse dual.

Table 5: The dualities between the Abaoub-Shkheam transform and the Sumudu transform of the
useful basic function

T(v,s) =sJ(vs
F© | Tws) = otr o] Js) = vipy | TES) =I0)
tn nlyntsttl n! s* nlpnts™tl
eat S 1 S
1—avs 1—as 1—avs
sin(at) avs? as avs?
14 q%p?s? 1+ a?s? 14 a?p?s?
" S 1 S
cos(at) 1+ a?v?s? 1+ g2s? 1 + a?v?s?

Abaoub-Shkheam -Mahgoub Duality
Definition 7:Let f(t) be a function defined for all t 2 0. The Mahgoub Transform of (t) is the function H(s)
defined by

HEs) =M@} = s [ feat 7
0

Theorem 6
If the Mahgoub transform and the Abaoub-Shkheam Transform of f(t) are H(s)and T(v,s) respectively,
then
1
T(v,s) =sH (v_s> (18)

And

1
H(s) = vsT (v, —)
vs
Proof: To prove eq.(18) we use eq.(1)

(19)

T(v,s) = j f(vt)e_Ttdt
Substitute w = vt = dw =vdt in the integral on th:e right-hand side, we get
T(v,s) = ff(w)e% dTW
&
T(v,s) = %f f(W)e_(vis)W dw
0

Multiply E in the integral on the right-hand side, we get

T(w,s)=s

1 r 1
—f f(W)e_(ﬁ)W dwl
vs
0
Hence, on comparing with eq.(17) we obtain

T(v,s) =sH (i)

vs
To prove eq.(19), from eq.(17) above

H(s) = sf f(Hestdt

0
Substitute t = vw = dt = vdw in the integral on the right-hand side, we get

H(s) = sf f(vw)e ™ vdw

H(s) = vsff(vw)e<%> dw
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Hence, on comparing with eq.(1) we obtain

1
H(s) = vsT (v, g)
Thus, we obtained the required dual relations between the Abaoub-Shkheam transform and the Mahgoub
transform and its inverse dual.

Table 6: The dualities between the Abaoub-Shkheam transform and the Mahgoub transform of the
useful basic function

1
T(v,s) =sH (—)
f© | Tws) = oif ) H(s) = M{f@®)} | T = sH (53
n!
tn Tl! vnsn+1 " Tl! vnsn+1
Sn
pat s s s
1—avs s—a 1—avs
, avs? as avs?
sin(at) S T S
1+ a?v?s? s“ta 1+ a?p?s?
S s2 S
cos(at) 1+ a?v?s? 2+ a2 1+ a?v?s?

Examples
Example 1: Consider the function f(t) =t+ sint Abaoub-Shkheam, ZZ, and Elzaki transforms are

obtained respectively as follows:
2

vs
T(v,s) = Q{f()} = vs* + T3 o252
From eq.(7) we get
2( )—T( 1>_v+ vs
VS)=St\P ) T s T ek o2
And from eq.(10) we get
C(s)—svT(vi)—s3+L
- v 1+s?

Example 2: Consider the function f(t) = t?e' Laplace, Abaoub-Shkheam, and Mahgoub transforms are
obtained, respectively, as follows:

FO) = L) = 5

From eq.(3) we get
T( )_1F<1>_ 2v2s3
VS =5 s (1 —ws)3

And from eq.(19) we get
H(s) = T( 1 ) _2s
s) =vsT |\ v, “GoDe

Conclusion

In this paper, we have discussed the dual relations between the Abaoub-Shkheam integral transform and
the Laplace, ZZ, Elzaki, Sawi, Sumudu, and Mahgoub integral transforms, as well as their inverse
dualities. We have also used tabular presentation of the integral transforms of the most used fundamental
functions to show, using this, the dual relations, to illustrate the importance of these dualities between
the integral transforms mentioned above and the Abaoub-Shkheam transform and their interrelationship,
and supported with some simple examples. In the future, using these dual relations, we can easily solve
many advanced problems of the modern era, such as the motion of coupled harmonic oscillators, drug
distribution in the body, and common health problems, such as the detection of diabetes and tumor
growth.

Conflict of interest. Nil

References
1. Rao RU. Application of ZZ transform method for Newton’s law of cooling. Int J Eng Sci Math. 2017;6(5):166-9.
2. Aggarwal S, Chauhan R, Sharma N. A new application of Mahgoub transform for solving linear Volterra
integral equations. Asian Resonance. 2018;7(2):46-8.
3. Debnath L, Bhatta D. Integral transforms and their applications. 2nd ed. Boca Raton (FL): Chapman &
Hall/CRC; 2007.

Copyright Author (s) 2025. Distributed under Creative Commons CC-BY 4.0
Received: 02-09-2025 - Accepted: 01-11-2025 - Published: 09-11-2025 2558


https://doi.org/10.54361/ajmas.258464

10.
11.
12.
13.
14.

15.

Algalam Journal of Medical and Applied Sciences. 2025;8(4):2552-2559
https://doi.orq/ 10.54361/ajmas.258464

Watugula GK. Sumudu transform: a new integral transform to solve differential equations and control
engineering problems. Int J Math Educ Sci Technol. 1993;24(1):35-43.

Taha NEH, Nuruddeen RI, Kamal A, Sedeeg H. Dualities between Kamal & Mahgoub integral transforms and
some famous integral transforms. Br J Appl Sci Technol. 2017;20(3):1-8.

Jasim JA, Kuffi EA, Mehdi SA. A review on the integral transforms. J Univ Anbar Pure Sci. 2023;17(2):273-
310.

Aggarwal S, Chaudhary R. A comparative study of Mohand and Laplace transforms. J Emerg Technol Innov
Res. 2019;6(2):230-40.

Abaoub AE, Shkheam AS. The new integral transform "Abaoub-Shkheam transform". Iaetsd J Adv Res Appl
Sci. 2020;7(6).

Debnath L, Bhatta D. Advanced engineering mathematics. 7th ed. Burlington (MA): Jones & Bartlett Learning;
2020.

Zafar Z. ZZ transform method. Int J Adv Eng Glob Technol. 2016;4(1):1605-11.

Elzaki TM. The new integral transform "Elzaki transform". Glob J Pure Appl Math. 2011;7(1):57-64.

Singh GP, Aggarwal S. Sawi transform for population growth and decay problems. Int J Latest Technol Eng
Manag Appl Sci. 2019;8(8):157-62.

Higazy M, Aggarwal S. Sawi transformation for system of ordinary differential equations with application. Ain
Shams Eng J. 2021;12:3173-82.

Belgacem FBM. Sumudu transform fundamental properties investigations and applications. J Appl Math
Stoch Anal. 2006;2006:1-23.

Mohand M, Mahgoub A. The new integral transform "Mahgoub Transform". Adv Theor Appl Math.
2016;11(4):391-8.

Copyright Author (s) 2025. Distributed under Creative Commons CC-BY 4.0
Received: 02-09-2025 - Accepted: 01-11-2025 - Published: 09-11-2025 2559


https://doi.org/10.54361/ajmas.258464

