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Abstract

The suggested paper presents a theoretical study to analyze the dynamical response of a simple
pendulum carrying a time-dependent mass. The physical model introduced in this paper builds on
the assumption that the mass of the hanging point particle varies exponentially with time. By using
the extended Lagrangian formalism, which takes the reactive force (Meshchersky force) resulting
from joining or losing mass into consideration, the equation of motion of the system was derived. The
analysis shows that the effect of the exponential variation of the mass leads to the appearance of a
physical term that behaves like a linear damping term in the equation of motion, defined as p hence,
because of this damping coefficient, the total energy of the pendulum was exponentially decaying.
The cases of I: null attached mass's velocity (u = 0) which leads to a free damped case, II: constant
attached mass's velocity (u = u,) which results in a steady shift in the position of the equilibrium
point, III: variable attached mass's velocity (u = u(t)) which behaves like an external force term that
can lead to a resonant amplification or change the spectrum of the dynamical response, were
discussed. The analytical solutions, like the Laplace transform, Green's function, and spectral
analysis, were obtained. The power delivered from the external driving force to the oscillator and the
quality factor of the studied system were introduced.
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Introduction

Dynamically speaking, the variable mass system is a very classical, familiar problem in the field of classical
mechanics. It is an old-fashioned problem with historical roots, and it has significant practical importance
in oceanographic engineering, nutrition systems, and the interaction or integration of mechanical or celestial
systems. Thanks to Meshchersky, who set up the mathematical cornerstone that interprets the reactive
forces resulting from joining or losing masses from their original bodies, and his works in this field were a
reference to formulate the equation of motion for a variable mass point particle [1].

While dealing with variable mass systems and when the Lagrangian approach is applied to these systems,
a grand new physical terminology termed as "reactive force"or "Metchersky’s force" appears in that context,
and to provide the consistency of the Lagrangian approach with D'Alembert's principle of virtual work, it
should be carried out carefully. A set of researchers presents new engineering applications and also seeks
modified Lagrangian equations that can handle systems with time-dependent mass or position-dependent
mass [2].

In Pendulua, the variation in the pendulum's mass clearly affects the dynamical response of the system,
and this effect of mass variation becomes very notable since the addition or loss of mass influences the
system's kinetic energy and moment of inertia and hence influences the resonance response, the quality
factor, and the oscillation frequency of the system. Models for the variable mass pendulum in a series of
former theoretical and experimental studies, including advanced analytical techniques like the wave analysis
and the applications of Green's functions, numerical simulations, and the spectral analysis [3].

In this paper, the suggested procedure deals with a simple pendulum carrying a mass varying through time
as myePt where p is the mass growth rate. By applying the extended Lagrangian formalism, which takes the
reactive force into account due to the mass changes, the motion equation was derived. The small angle
approximation, the Laplace transform for the analytical solution in the case of no velocity for the attached
mass, i.e., u =0, the Green's function method for the constant velocity case (u = uo), and the spectral analysis
method in the case of variable velocity u = u(t) [4].

The main aim of this paper is to show how the velocity of the attached mass u and the mass growth rate
could affect the dynamical behavior of the simple pendulum, from an oscillatory damping to generating a
new equilibrium position or even energy feedback. Also in this paper, an adequate analytical formula for
evaluating the relaxation time, the frequency of the damped oscillations, and the Q-value. The results of the
presented model can be applied in laboratory fields and as a starting point in designing sensors, depending
on the dynamics of systems with variable mass [5].

Methods

Consider a simple physical oscillator (Pendulum) consisting of a point particle with time-dependent mass
m(t). The particle is suspended from a rigid, massless string of length [, whose upper end is fixed to a
support. The system undergoes small planar angular oscillations. The focus of this study is the dynamical
response of the pendulum when the suspended particle has a variable mass.
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The mass of the particle is assumed to vary exponentially with time according to the following formula:
m(t) = myet D

where m, is the initial mass at t = 0, and p denotes the mass growth rate. To describe the dynamics, we
derive the equation of motion for the pendulum with variable mass using the Lagrangian formalism. This
formulation provides a consistent framework for analyzing how the changing mass modifies the oscillatory
behavior of the system.

In the case of a variable mass system where the mass is varying with respect to the position, the exact form
of the Lagrangian equation of motion is written as follows:

AT NS )

a\ox) “ax T F RO -5 % @)

where F(q, q,t) is the external applied force acting on the system. Actually, the expanded Lagrange equation
of motion can be formulated for the case of a system of particles where the mass of the system is a function
of the position, velocity, and time. Suppose a dynamical system consists of N particles, each of mass m;

positioned at 7; in a certain frame of reference, and let p; = m; — be the linear momentum of each particle.

If the considered system has gained or lost an amount of its mass at a velocity u with respect to the system,
the extended Levi-Civita's expression of Newton's 2nd law of motion will be used in addition to D'Alembert's
principle of virtual work [2]:

ZF dpL ZF—%—O 3)

Multlply both sides by (- 6r;), one gets:

o dp;
> E - or =0 @)

Here F; represents the total force acting on the system. It is spliced into two individual forces, i.e. F; = F; +
R;, where F; is the total active force acting on each particle and M; is known as the reactive force, which is
proportional to the time rate of variation of the mass and to the velocity at which the mass is expelled or

gained, i.e. R, = ui%. According to Russian technical literature, the reactive force R; is termed as the
"Metchersky's force" and it is a function of the relative velocity of the expelled or gained mass:
dm;
M= (w —v)— - L )
where u; is the velocity of the incoming mass and v; is the velocity of the swinging particle. Based on this
interpretation, equation (4) can be rewritten as follows:
n

dv
D IF M) —m T 67 =0 6)
[
Therefore, the expanded Lagrange equation of motion will be:
d (OT) aT 7
a\ox) ax " Y @)

Where Q; represents the non-conservative generalized force, which consists of the external forces and the
react1ve force given as:

0t LS ] o

L

Since the mass of the hanging particle changes only with time, then aar:‘ = aar:‘ = 0. The force that acts on the
L L

point particle is its weight Tl = —mgj and U= (u, — 7)) = U@ this is the tangential component of the relative
velocity of the attached mass, such that § = cos¢i + singj and the position vector for the variable mass object

is 7, = Isingi + lcospj and then Z—Z = lcosgl + Isingj. Hence, equation (8) becomes:

(3—" Udml) L Isin6 + U1 8

Q= 3t ) 5, = ~M(Oglsing + UL ®

For the case of a varying mass pendulum, the kinetic energy of the system is given by:
1

T=2mOG +5%) ©

Now, one has to define the Cartesian coordinates of the system (x,y) such that:

x =x(, @) =lsingandy = y(l,p) = I(1 — cosp)
Then, using some calculus, one gets:

LY =l¢ 10

x—aq)q’— @ cosg (10a)
ay ...

y = 6 = lpsing (10b)

Squarmg and adding (10a) and (10b), one obtains:
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J.CZ + yZ — 12¢2
Therefore, equation (9) becomes:
1
T = Em(t)lng2 (11
Hence, equation (7) becomes:
d dm
T m®)12¢p) = —m(t)glsing + (u — v)lE (12)

Hence, with little algebra and using the small-angle approximation, one gets:
d*¢ m(t)d m(t
¢ mde U (1) (13)

a2 " m@dr %" Vi@
where w? =% represents the simple pendulum's natural frequency and U is the relative velocity of the
attached mass of the system. Equation (13) represents a second-order nonlinear and nonhomogeneous
differential equation having initial conditions that describes the variations of the angular position of the

pendulum with respect to time. Inserting U = u — v into equation (13) and setting v = l‘;—(f and also using the
fact that %‘;—T = p, then arranging the equation, one gets:

d*p de p

— 22—+ wip == 14

Casel: u=0:

When the velocity of the attached mass in the pendulum's bob is null, that is u = 0. Therefore, the differential

equation (14) reduces to the following form:

d*p de
— 4+ 2p—+ wip = 1
prS + pdt +wip =0 (15)

To solve this differential equation, one may apply the method of integral equations by transforming the
equation from the differential form into an integral form [7], i.e.:

o) = F(©) + j W (x, g ()dx (16)
0

where f(t) = (1 + 2pt)@p,and W (x,t) = (x — t)w? — 2p. To solve the integral equation (15), one may use the
Laplace transform method, i.e.:

Llp®)] = L[f ()] +£[J W (x, )p(x)dx]

0
Let ¢(s) = L[@(t)]and F(s) = L[f(t)] . The Laplace transform for the second term is somehow different, such
that:

t 2 2

£1[ (6= 008 - 20)00dx] = (= wRL1E + L2000 () = =2 +2) 6(5)
0

and

2p 1
F(s) = LIA +2ptp ] = (7 + )90
where the Laplace transform is defined as:

[oe]

Ly®) = | y@era
0

Then, after some mathematical manipulation, one gets:

2p+s
() = F(s) B 52 P (2p+95)gp,
= w2 2p S2+2ps+wi  s%+2ps+ w?
Itaty —a

Then substituting ¢(s) by L{@(t)]One gets:
(2p + 8)Po
Llp®)] =———F———
lo @] s +2ps + w
By taking the inverse Laplace transform for both sides, one obtains:
(2p +5)9o
t)y=L""
() [52 +2ps+w§]
To solve the above equation, one may use the fractional decomposition method, i.e.:
(2p +5)po A B
2 2 = +
s?+2ps+w; s—a s+p
where a and B are the solutions of the dominator equations such that:

a=-p+ ’pz—a)gandﬁ=p+ /pz—(ug

Therefore, after some algebra, one finds:
A+ B = ¢@yand A — aB = 2pgp,
Solving for A and B, one obtains:
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p>—wi—p VPP —witp

A=——¢,andB =
2./p? — W ° 2,/p? — W
Hence, the solution for the above equation is:
pi-wsgt+p 11 p—prP-wy 71
O [T L L U it Pt I
24/ p* — wy S—a 24 p* — wy s+p
2 2
\/pz—wo+p¢ pat 4 P p* — wg

Do

Bt
Qo€
2Jpr—wf 2 =g
Therefore, after doing some algebra, one obtains:
\/pz—m%t_ —Jpz—m%t \/pz—m%t —\/pz—m%t
p e e e +Ze ] (17)

(t) = pye Pt
0 [f—pz_w% .

Equation (17) represents the solution for the differential equation (14) by using the integral method.
According to the sign of the quantity inside the radical, there will be three different states:

State I: When (p? > w3) the quantity inside the radical is real and positive, i.e.\/p? — w? > 0. In this case, the
displacement function becomes:

@ (t) = pye~Pt[cosh ( /pz - wg. t) + %sinh( p? — wi. )] (18)
pT—
Based on equation (18), it is clear that the behavior of the oscillator due to the presence of cosh (\/pz — wg. t)

and sinh (w/ p? — wg.t) terms of the equation, which are not periodic time functions, are not vibratory in
nature. As time passes, the amplitude of oscillations of the damped oscillator will increase. This indicates
that when the oscillator is shifted for the first time away from its equilibrium position, then, due to the
restoring force of gravity, the oscillator will go far away from the relaxed position without executing any
oscillations. The behavior of the oscillator in this case is called the positive heavy-damped oscillations.
Therefore, if the damping factor p is as large as possible, and for this damping p has to be large; the
oscillation is said to be heavily damped.

State II: When (p? — w3 = €% < 1), the quantity (y/p? — wf = € < 1). In this case, equation (16) reveals that the

angular displacement will be undefined. When the quantity (,/p? — w?) approaches to zero, i.e. \/p? — 0§ < 1,
then the fact that (e* = 1+ x V x « 1) will be used to treat this problem. Thus, the equation of displacement

becomes:
1+ pz—w§t+1—w/p2—w§t+ p 14+ p2—wit—1+.p?—wit

2 p? — w? 2

@(t) = poe™| ]

Therefore:

@(t) = poe P (1 + pt) = o (1 + pt)e~** (19)

It can be seen from equation (19) that the behavior of the oscillator is not oscillatory, and the amplitude of
the oscillations tends to a very high level in a very short time. In such a case, the reaction of the oscillator
is called the negative critically damped oscillation.

State III: When (p? — w3 < 0) the quantity (y/p% — w?) becomes a negative quantity, i.e. \/p? — w? = iy/w? — p? ,
then the angular displacement function will be:

ei p2-wdt n e—i p2-wit o ei pr-wit e—i pz—(u(z)t)
+ . ]
2 p? — w? 2i
Using Euler's formula, one gets:

9(0) = gyt Tcos ( w3 — pit ) + = sin (w3 — p20)]
Jw2 —p?

0
Using some trigonometric identities, one has:

@(t) = poe™|

() = goe Pt = Acos( w3 — pt — 6)
where A = % and § = tan‘l(f). Therefore:

Pu=o(t) = Ze™P’cos (Jwji — p*t — 6) (20)
where Z = Ag, [8].

The case of the under-damped oscillation will be the core of the study in this work.

e Exponential envelope/time constant
The relaxation time constant is defined as the reciprocal of the damping coefficient, i.e. t =% . Thus at

p =0.01leads7 = 100 s (slow decay), while at p = 0.04leadstot = 25 s (faster decay). This matches the
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panels. When p = 0.01 trace remains appreciable at t = 100 s, whereas at p = 0.04 The trace is essentially
extinguished by that time.

e Damped oscillation frequency

The damped angular frequency is defined as =\/wi — p? . Because p is small relative to w, in these
examples, the change in period is modest; nevertheless, increasing p produces a slight reduction in
oscillation frequency (longer period) visible as a subtle stretching of the oscillation in the higher-p panels.

e Energy and mechanism
Even with no external viscous friction, mass growth (positiver) removes kinetic energy from the moving
point particle via the mass-addition process; mathematically, this appears as the 2p¢ term (a dissipative
term). Hence, higher p acts like stronger damping and accelerates the decay of mechanical energy.

2 = 0,01 &= 0.02
0.2 - 0.2 ¢ T
0.1 1 0.1
o] o o o
-0.1 1 -0.1
-0.2% - ! -0.21 1
o 50 100 o 50 plele}
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0.1 0.1
e o o o
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Fig.1. The change of the angular displacement as a function of time at a fixed w, and different p
whenu =0
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Fig.2. The 3D phase space of the angular displacement as a function of time at fixed w, and
different p when u =0

Effect of u = O (attached-mass velocity) on the dynamical response:

When the velocity of the attached mass relative to the pendulum, u, is zero, the equation of motion reduces
to a homogeneous damped oscillator. There is no external forcing from mass exchange, so the pendulum’s
oscillations decay monotonically (at an exponential envelope) toward the equilibrium position. In contrast,
a nonzero u introduces a forcing term that can shift the equilibrium, sustain oscillations, or even inject
energy depending on its sign and time dependence.

The Energy of the Variable Mass Pendulum
The total energy of a dynamical physical system under any physical circumstances is the sum of its kinetic
energy and its potential energy, and for the case of a simple physical pendulum, it is given as:

1 1 . 1
E=T+U= Emlzgo2 + mgl(1 — cosp) = Emlzgo2 +Emgl<p2
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Or
1
E = sm(OE@? + wfp?) (21)
Differentiate equation (19) with respect to time to obtain the expression for angular velocity as follows:
d
o) = o _ —Ze Pt (pcos(wt — §) + wsin(wt — §) = —Zwye Ptcos (wt — )

dt
where y =8 +60 and 6 = tan™?! %One may deduce that u = gunder the condition that ¢(0) = 0, therefore, the

above equation will reduce to the following equation:

¢(t) = —Zwge Pt sin wt (22)

Then, inserting equation (21) into equation (20), the total energy becomes:

E(t) = %molzZzwoze‘pf(sinzwt + cos*(wt — 8))

Or

E(t) = ke (1) (23)

where k = %molzZzwo2 and Y(t) = sin?wt + cos?(wt — §). From the expression of (t) one may notice that it is
a periodic function, i.e.:

Y +T)=9@)

Therefore:

Et+T)=ke PNyt +T) = ke Pt (t)e PT = E(t)e T (24)

att=0, E(T) = E(0)e"T.

att=T, EQ2T) = E(T)e T = E(0)e™ 2T,

att= 2T, E(3T) = EQ2T)e T = E(0)e™3T.

att = 3T, E(4T) = E(3T)e T = E(0)e™*FT.

att=nT, E((n+ 1T) = E(nT)e ?T = E(0)e T,

Therefore, the total energy of the system now becomes E(t) = E(0)e™?t = k (0) = kcos?(5). After doing some
mathematical manipulation, equation (24) becomes:

2
E,—o(t) = E(0)e P = kcos?5e Pt =k (1 - (wﬂ) )e—pt (25)
0
Equation (25) states that the energy E(t) decays exponentially in time with a rate constant p >0.

Differentiating gives the simple first-order differential law:

dE(t)
7 - PEQ®
Hence, the instantaneous rate of energy loss is proportional to the current energy.
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Fig.3. The energy of the variable mass pendulum as a function of time at different values of mass
growth rate

This law describes purely exponential decay of the energy envelope; any fast oscillatory modulation of the
instantaneous energy is carried separately by a T-periodic factor (if present) and does not affect the envelope.
The formula implicitly assumes linear, time-homogeneous damping behavior (no parametric pumping or
non-linear energy input) and that the normalization chosen makesE (0) = cos?§. If mass, stiffness, or external
forcing varies in time in ways that break these assumptions, the decay need not be purely exponential.
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The four panels display the unequivocal, exponentially fast extinction of the pendulum’s mechanical energy
as the mass-growth rate p increases. Each curve obeys equation (25):

Table 1. The values of the time constant at different values of the mass growth rate.

p(s™) (s)
0.01 100
0.02 50
0.03 33.3
0.04 25

So the energy envelope decays purely exponentially with time constant 7 = %. As p rises from 0.01 to 0.04

the decay accelerates dramatically as shown in the table.1 and therefore the time to reduce the energy to a
few percent of its initial value (roughly t = 37) shrinks from ~300 to ~75 time units. The initial energy E(0) =

2
k(l - (i) ) is only slightly reduced by p when p <« ®o; the dominant effect visible in the plots is the

@o
envelope’s exponential attenuation. All curves are strictly monotonic and show no long-term oscillatory
persistence: increasing mass-growth rate does not supply sustaining energy; it suppresses the oscillations
by steepening the exponential envelope.
Case II: u =y,
When the velocity of the attached mass in the pendulum's bob is not zero, i.e., it is a constant. Then the
differential equation (14) is going to be:
d? d
d_tf-l_ Zpd—(f+w§<p=§uo (26)
The differential equation (26) is going to be solved via the method of Green's function as follows [8]:
Let L be the linear operator of the system defined as L = D,, + 2pD, + w3. The Green's function must satisfy
the following two conditions:
{L [G)]=6@) VE>O0

Gt)=0 Vt<O

Hence, the function ¢(t) becomes:

t

e(t) = J G(t — 1)F,dt 27)

0
Ift+0- §(t)=0-LG(t) =0, therefore Lo = 0:
Do+ 2pDegp + Wi =0
Therefore, the homogeneous solution will be:
@, = e P{coswt, sinwt}
where w = \/wé — p? . Insert causality by taking for ¢t > 0, then:
G(t) = Ce Ptsinwt (28)
Since sin (0) = 0, then the continuity at t = 0 is automatic. The jump condition from integrating L[ G(¢t)] =
6(t)att=0 is:

1

G'O0H)-G'0)=1-G0Y)=1->C= =
Therefore, equation (28) becomes:

1
G(t) = —e Plsinwt

)

Imposing the external force F, = p% in equation (27), one gets:
t

Fo 0
P F
() = —f e PPsinwpdp = — S(t)
0

where S(t) = fote‘pssino)sds =—

_ Pt L
TTra? (1—e* (cosmt + cl)smu)t))
Therefore, the particular solution will be:

u
(), = % (1 —ert (cosu)t + %sinmt)) (29)
The general solution is the sum of the homogeneous and the particular parts:
u

Pu=uy () = @p () + @, (t) = @y (t) + % (1 —e Pt (cosmt + %sinmt)

Doing some algebraic processes, finally, one gets:

Pu=u,(t) = @@y (t) + B (30)

where ¢, _,(t) is the angular position function for the case of u =0, a = (1 - %) and § = %.
0
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Fig.4. The change of the angular displacement as a function of time at fixed w, and p when u =

[1,3,5,7]

Effect of u = uyon the System’s Dynamical Response:
As u increase the final equilibrium (long-time mean of ¢(t)) shifts upward: larger u produces larger positive
steady offsets. In the (figure), this appears as the trace settling around progressively larger positive values

when moving fromu=1tou=7.

The transient oscillation amplitude and the decay envelope are similar between panels (because p and ®o
are fixed), but the instantaneous waveform near t = 0 and the approach to the nonzero offset change slightly
due to the superposition of the homogeneous and particular solutions.

Quantitative/physical interpretation:

e Decay rate unchanged by u: The exponential envelope x et is independent of the forcing magnitude

u; hence, the transient lifetime 7 =% is unchanged among panels. This explains why the oscillation

amplitude decays at the same rate in all four subplots.
Steady offset scales linearly with u: From ¢, (t) = % we expect the long-time mean to be proportional

to u. The plot confirms that larger u produces proportionally larger static deflection.
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100 100
50 50
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Fig.5. The 3D phase space of the angular displacement as a function of time at fixed w,
and p whenu =[1,3,5,7]
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e Oscillation frequency essentially constant: Because u is constant in time (no time-harmonic forcing),
there is no new forcing frequency introduced; the oscillation period remains approximately 2;" Only if u

are time-dependent (e.g., harmonic) would you see forced oscillations at the forcing frequency and
possible resonance effects.

e Energy & momentum viewpoint: Constant nonzero u corresponds to the attached mass joining the
bob with a finite relative speed: momentum transfer produces a persistent bias (nonzero mean) in the
bob position. The mass-growth term Zp‘;—f still dissipates oscillatory kinetic energy, so oscillations decay

while the mean shifts to ¢,.
The velocity of the system in this case is:

(pu=u0 ) = APy=g (®) (31)
Therefore, inserting equations (28) and (29) into the energy equation (21), one gets:
1
Eyyy(t) = a?E, o (t) + Emolzwéﬁze"t + afmyl?Zcos(wt — ) (32)

2
where E,_,(t) =k (1 - (wi) )e‘pt is the total energy of the system when u = 0.
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Fig.6. The variation of the total energy as a function of time at fixed w, and p when u =
[1,3,5,7]m/s

(The figure) captures the transition from damping-dominated decay (u = 1) to fluctuation-dominated
dynamics (u = 5,7) m/s. At small u, the pendulum energy primarily dissipates due to the exponential mass
growth damping. As u increases, however, the coupling terms proportional to af and $?e”® become more
prominent, injecting oscillatory energy back into the system. This competition between dissipation (through
p) and driving (through u) dictates the overall profile of E (t).

In essence, higher values of u act as an effective parametric drive, enriching the energy landscape with
oscillations and delaying pure exponential decay. The figure beautifully illustrates how the attached mass
velocity transforms the pendulum from a simple damped system into one exhibiting rich oscillatory energy
dynamics.

Case III: u = uycosft

When the velocity of the attached mass in the pendulum's bob varies with time. Then the differential
equation (14) is going to be:

d’¢ dp

rel + ZPE + wip = FycosQt (33)

where F, = %uo. To solve the above non-homogeneous differential equation, one may use the following

procedure [9].:

Z=@+ Y (34)

Let Z be a solution for the following differential equation:
dZZ+2 dZ+ 27 = Fye'® 35

dtz p dt (‘)0 - Oe ( )

Assume the solution as Z = Z,e!¥ - 7 = iQZ,e!™ » 7 = —0%Z,e™, substituting all of these in equation (31),
one gets:
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(w3 — Q2 + i2pQ)Z, e = F e
Finally, one obtains:
. Fy _ R
O (w2 —Q2+i2pQ)  we'®
where w = /(wZ — 02)% + 4(pQ)? and § = tan! wzzli?lz . Then:
Fo _F

7 = i eiﬂt ei(ﬂt—e) 36
wel® w (36)
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Fig.7. show variations in the angular displacement function as a function of time at different p
and fixed w, and 2 when u = uycost

Comparing equations (30) with equation (32) and taking the real part and ignoring the imaginary one, one
gets:

o(t,Q) = %cos( Qt—6) =B(Q)cos (Qt —6) (37)
Fy

where B(Q) = e Equation (33) represents how the angular position of the variable mass pendulum changes

over time as the velocity of the attached mass to the system varies with time.

(Figure 5) illustrates the variation of the angular displacement function ¢(t) as a function of time at fixed
natural frequency wo and excitation frequency Q, when the velocity of the attached mass varies periodically.
The external excitation originates from the time-varying velocity of the attached mass. When p is small,
dissipation is weak, and the system exhibits a relatively strong oscillatory response. As p increases, energy
losses due to damping dominate, leading to a progressive reduction in the amplitude of oscillations.
Importantly, the frequency of oscillations remains essentially unchanged, as it is governed by the fixed
parameters 0o and Q.

The amplitude function B(Q)) is a function of the external excitation frequency Q. The maximum value

attained by the amplitude function B(Q) can be given by the following condition, i.e. Z_fz = 0 such that:

O = D0 (@ — 027 + 4(p?) . (~400§ — %) + 802 (38)
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Fig.8. Variations in the amplitude function B (2) as a function of angular frequency 2 at different
p and fixed w, when u = u,cos2t
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Equating equation (34) to zero and doing some algebra, one gets the critical external frequency at which the
amplitude function attains its maximum:

Q= ’wé — 2p? (39)

At this critical value of the external frequency, the variable-mass pendulum system attains the resonance
case. From (figure 8) one can notice that for O < Q" the amplitude function B(Q1) is increasing for all values
of the mass growth rate and Q > Q" it is decreasing for the same set of values for the mass growth rate. The
velocity of the attached mass is given by u = uycosQt, provides the oscillatory driving force for the system.
(Figure 8) shows that increasing the mass growth rate p suppresses and broadens the resonance response.

Power is transferred from the external driving source to the oscillator

To sustain steady-state oscillations, the external driving force must continually compensate for the energy

dissipated during each cycle due to resistance. We now establish a key result: in steady state, the amplitude

and phase of a driven oscillator naturally adjust in such a way that the average power delivered by the driving

forceis exactly balanced by the power lost through frictional dissipation. The instantaneous power P delivered

at any moment is simply given by the product of the instantaneous driving force and the corresponding

instantaneous velocity, i.e.:

P = —F,cosQt.B'sin(Qt — 8) = —FyB'cosQtsin(Qt — 0) (40)

where B’ = ZF—O

JE2-)24ap

done in one oscillation per one period of oscillation, in symbols:
T T

1 —F,B' _
(P) = ?f Pdt = Tf cosQt sin(Qt — 0) dt

. The average power supplied by the outer driving force is defined as the total work

0 0
Expanding sin(Qt — 0) and insert it inside the integral. One gets:
T

_FoB, .
(P) = TJ (cosQt sin Qt cosO — cos?Qt cosO)dt
0

Or
T T
_FoB, .
(P) = — [J cosQt sin Qt cosOdt — J cos?Qt cosO dt (41D
0 0
Using the facts that fOT cosQt sinQt cosf dt = 0 and %fOT cos?Qt dt = %Then equation (41) becomes:
Fy?
(P) = mcas@ (42)

2
where [, = f(% —Q)? + 4p? . The energy transported by the external driving force is not retained within the

variable mass-pendulum system; instead, it is dissipated as work done in sustaining the motion of the

system. The time rate variation of work done by the damping force is:
2

Ny : Fo

P =2p¢p¢ = 2p¢?* = 2p1—zcosz(Qt— 0) (43)
m

Taking the average for equation (43) and using the above facts, one obtains:

F 2
(P)=pr
m
It is known that the average power supplied by the outer driving force is equal to the average power

dissipated by the damping term, i.e.:
2 2

20 cosH = p=>
21, lez

Solving for cos8One gets:
2

cosf = i
m
When 6 = 0 then I,, = 2p, therefore, the average power for the system attains its maximum value, i.e.

Fy?
(P)max = 4__p
But F, = puo, hence equation (43) becomes:

N
(P>max =

(43)

p
%’

The Quality Value of the system
The quality factor or the Q-value of the oscillator is a physical parameter used to measure the rate of energy
decay as time passes. In the case of a forced damped oscillator, the expression for the Q-value is given by:
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Wy

=— 44
0= (44)
where w; and w, are the frequencies at which (P) = é(P)max, ie.:
Fy>  Fy’ 2 Wy W}
=5 1,2 =8p? > (> — )2 +4p? =8p? > (Q——)? = 4p?
Prz=gp > Im P (g~ +4p" =8p" - (A= 77) P
Then:
Q w5 =412
q 1P
If Q, > Q,, hence:
Q w5 =2
270, " p
Q w5 =-2
170, T p
Cancelling w? from both equations, one obtains:
Q,-0,=2p (45)
Inserting equation (45) into equation (44), one finally gets the Q-value for the system:
Wo
=2 4
0=3 (46)

Low p (0.01): The system is under-damped. It has a high Q-factor, leading to a tall, narrow peak. The system
is very sensitive to frequencies near w,.
Higher p (0.02, 0.03): The system becomes more over-damped. The Q-factor decreases, leading to a shorter,
wider peak. The system is less sensitive to the exact driving frequency but has a more robust response over
a range of frequencies.
Table 2. shows the Q-value of the system at different values of the mass growth rate in terms of
the natural frequency.

p(s™) Q
0.01 500,
0.02 250,
0.03 16.6w,

In essence, the mass growth rate p directly controls the amount of damping in the system, thereby
determining how pronounced and selective the resonant response to the external drive u = uycosQt will be.

Conclusion

In this paper, the suggested interpretations and analysis establish a clear, strong connection between the
kinetics of the time variation of mass and pendulum dynamics: the exponential increase in the pendulum's
inertia (mass) creates an analytically tractable damping behavior which contributes in the dissipation of the
pendulum's energy and the sensitivity of the spectral response. On the other hand, the kinematics of the
transferred mass controls the steady offsets and the responses of the external force. The combination of the
effects specifies the stability, transient decay rates, and resonance amplification. The suggested model in
this paper provides a very powerful tool and techniques for experimental or natural systems in which the
mass is added or lost in a continuous way, and it clarifies the parameters (notably p and the spectral content
of u (t) that are most influential for control, sensing, or instability avoidance.
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